UNIVERSITY OF AGRICULTURAL SCIENCES, GKVK, BANGALORE
ENGINEERING MATHEMATICS — MAT111 (2+1)

INTEGRAL CALCULUS

Double and Triple integral:
Consider double integral of the form I = ff f: fx,y)dx dy

Case 1. Let x4, x, and y,, ¥, be constants then I can be evaluated in any order.
Case 2. Let xl,xz be constants and y,, y, are functions of x then first integrate w.r.t'y’
thenw.r.t.’
. Xz [ y2(x) }
iel=[ {fy o f () dyjdx
Case 3. Let y;, yzbe constants andx,, x,are functions of y then firstintegrate w.r.t'x’
1t . Y2 x2(¥)
thenw.r.t'y’. ie I= Iyl {fx:xl(y) f(x,y) dx} dy
Problems:

1. Evaluate fol f; xy dx dy
Sol. Let1 = fol foﬁ xy dx dy, integrate w.r.t y, we get

—I=[ x [%]:dx — 1 =18 xdx = (18) ["?]: =9,

2. Evaluate fob foa(x2 + y2) dx dy
Sol. Let = fxb=0 f;zo(xz +y?)dx dy, integrate w.r.t y, we get

I=f:=0[x2y+ ]d.x fxo[x a+ ]dx

b
x3 a? ab ab(a?+b?
1=[2a+Zs = _ ab(a*+5?)
3 37y 3

3 3
3. Evaluate fol ffxy dx dy [V.T.U-2004]
Sol. Let I = fxl=0 ffx xy dx dy , integrating w.r.t’y’ we get
2V
y
I—fx_ox[?]y dx = _02[(\/_) —x]dx—— o(x% —x¥)dx
=] =60
4. Evaluate fn fx *(x% + y?) dx dy [V.T.U-2000]
Sol. Let I = fl ffx (x2 +y?)dxdy, integratew.r.t y,we get
I—J'_O[x y+ ] dx = [;_ 0[ 5/2 4 ——x ——]dx
7 1
= s/2 g X 420 g |22 122 axt 2.2 13
I I—o[ += 3]dx— %+35 34] 7 15 3 35
5. Evaluate f A V1 x3y dx dy [V.T.U-2006, Jan-2017]

Sol. Let = fy:{] Ix:u x3y dx dy, integrate w.r.t x, we get
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== _oy[] Cdy = =1y -y =1Ly (1 +y* — 2%y

=1=[j+y*° —23’3)d>’=;[?+?ﬁ—2%]0 =:E+3-3=5

cos 0

6. Evaluate f“fﬂ r sin@ dr d@
sol. et I = [ [*“**°rsin6 drdf = I = [ [~°°° 7 5inf dr df

acase

== [_ OSLnB[ ] ——J'acoszesmedﬂ

= - Mrar= -2 [%]: (= putcos® = t = —sin 6 dO = dt or sinf do = —dt)
R R RN

2
7. Evaluate fol f: e¥/*dy dx [June-2014]
1,0x2 Y L 4 .
Sol. LetI = [ [" exdydx = [ _ [ _ exdy dx, integrate w.rty we get

1 e¥
= I = J-;vc=0 [T

x

xZ

xZ
dx = _[xlzox (e? - e“) dx = J'le(e" —1)dx
0
Apply Bernoulli's rule we get

=1= [x(e"—x)—(l) (e"—xz—z)]: =[xe"—x2—e"+xz—z]:
=[(e-1-e+i)-(0-0-1+0)]=-1+1=1
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Evaluation of Triple Integrals:

Consider the triple integration of the form f::: f: fzz: f(x,y,2z)dx dy dz .

Here the method is to evaluate is similar to that of double integrals.

If x4, x, are constants; y;, y, are either constants or functions x and z,, z,are either constants
or functions of x and y then the integral is evaluated as follows:

First integrate f(x,y, z) w.r.t z between the limits z;andz,assuming x and y as
constants. Then integrate the resulting expression w.r.t y between the limits y;and y,,
Assuming x as constant. Then finally integrate the obtained result w.r.t x between the limits
xiand .

. _ Xz | ¢ Y2 (X)| pz2(x¥)
iel= le e 5 le(x.y) f(x,y,2)dz dy dx

1.Evaluate [ [7 [7(x+y + z)dx dy dz. [Jae-2011, Jan-2617, 15)
1 pz px+2 1 Zz x+z
Sol.LetI= [ [ [~ (x+y+z)dxdydz= Z__I[fx o {f_x Z(J|c+y—|—z)t:!y}n:1".x]dz

x+z

1= fz_ lfx— [xy + 24 zy] dx dz, on simplifying we get

1= fz_ S {x[(x +2z)—(x— z)] = [(x +2z)2—(x—2)?]+z[(x+2)— (x— z)]}dxdz
I= fz_ lf (2xz + 2xz + 2z%) dx dz = fz_ lf (4xz + 2z%) dx dz
1= [ lzx®) + 2221 _ dz= [\ (2% + 229z =[] =0

2. Evaluate fc Lbb J'fa(xz + y* + z%)dzdy dx [June-2013, 14, Jan-2016]
Sol. Let I = [© Cf;__b fz__a(x +y2 + z%)dz dy dx

x=
b a
I—fx__cfy_ b[x z+y z+z—]z_ adydx

2ay 2i b
2ax?y + —+=—y dx

iel= [’ j'; (Zax + 2ay? +2 )dydx— -

xX=—c x— c

c 4ab®  4a%b 4abx?®  4ab? 4a3p 1°
=>I=fx_ (4abx+ 3)d =[ s T X+ x]
= —-c

8abc® 8ab3c . 8a3bhc  Babc(aZ+bZ+c?
= I = 3 + 3 + 3 = ( 3 )

3. Evaluate [ [ o Y extyizgx dy dz . [June-2012, Jan-2017, 13]
Sol. Let I = [ f N2 extrrzdz dy dx = [ ofy SV ex e e*dz dy dx .

= 1= [ je* e le”lgdydx = [ [7 e*.e¥. (eX*¥ —e®)dy dx

WITH BEST WISHES FROM ASST.PROF. LATHA K, DEPT.OF MATHEMATICS Page3

Scanned with CamScanner



UNIVERSITY OF AGRICULTURAL SCIENCES, GKVK, BANGALORE
ENGINEERING MATHEMATICS — MAT111 (2+1)

=1=[_ [ (e%* e¥ —e* e¥)dydx = [, [ez"ﬂ—e ey] dx

=0Jy=0 x=0 2 y=0

a ex rd a o X

= 1= L |(F o) - (T e ax = L, (T —Je +er)ax
_ £_3ezx x)ﬂ_ £_3eza a) _ (1 3 )
=>I_(a g T€ ﬂ_(a 4 +e) (a 4+1

4a 2a
::”,:e?_Se +€a—§ 0R[:§(e4a—6eza+8ea—3)

a.Evaluate [ [V 7 IR xyz dx dy dz [V.T.U-2013, Jan-2018]

2 /
Sol. Let I = fx nfyle e xyzdzdydx
f_ﬂfylﬂx( )[ ] dydx—f_ﬂfylox( )(11 y)dydx
1 V1A 3 v PP ot Vi-x2
== P Gy — ¥y —xy¥dydx =3 [, [T_T_T] dx

_ 1t [x(a-x?)  x3(1-x7) x(1-x2)*
=:>I-21:0[ . . 2 ]dx

g ] = ifl 2x-2x3-2x3 +ix —x—-x%+2x ]d % x1=0(x —2%3 +x5)dx
Cafaz o2t xS0 1 2, 1] 1[3-3+1] _ 1
=1=3[5-5+%| =i =i =5
1 (1-x (1-x—
5. Evaluate [ [, xj' % ymdx dydz. [June-2008, Jan-2005]
_ 1-x—y _ 1-x -1 1-x-y
Sol. Let I = f f _f mdz dy dx = f I =0 [m] 0 dy dx
L . qix
=1= I OIy—U [_ + 2(1+x+y)2] ydx = f—ﬂ [——}’ - 2(1+.r+y)] dx
1
=”=fx o[__(l x)__+2(1+x)] _Ix ﬂ[_§+ 2(1+x)]dx
=I=[ -2+ 0g1 + =[-2+ L1 +log2] = = + Llog2
[ s T3¢ T3108( x)]x [ 08 ] 08
OR I =log+2 — 15—6.
(=)
6. Evaluate f;/” [*°"° [V * /v dr d6 dz [July-2005, 07, 09]
Sol. Let I = szasms Z( o )rdzdrdB
n/2 rasing (2;2) asing a?-r2

=1= [ Tzl drdg_-fﬂ oJr=o [ ( a )]drdé'
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=122 [ (2) -5 a0 =205 st 0 in o] a

ing [Fsinh@dg = ™1 m3 1w :
Using [?sin" 6 d@ = — >3 (when n is even)
: ;_1{215_&13}_& _ 3) _, 5nd’
T 7 al222 4422)7 sa 8/~ 61
4z — 1yl
7. Evaluate f:fnzﬁfn " dy dx dz [1an-2017]

Sol. Llet I = f;:ﬂ fxzj fy:(j—xz dy dx dz
I= f;:o fjj[ﬂ 042_12 dxdz = f;:() f:f\MZ —x2 dxdz

Let 4z = a? (for convenient )so that 24/z = a
a

= L S = drde = L[S S ()| e

2 x=0

4 2 . . a4 2 4 Zn
I=fz=00+a?(sm 11 —sin~10) dz:fzzﬂa?(g—O)dz=fz=0asz

T : z2]* 16

I=Z J’4zdz=n[? =H(?)=81r
z=0 0

Evaluation of [[ f(x, y)dx dy over the specific region

We need to draw the befitting figure from the given description to identify the specific region R,

We have to then express
b 2(X)
1= [[fy)dxdy = [,_,[2 " f(xy)dydx...(1) OR

I=[[f(x,y)dxdy = f:za f;jiﬂy)f(x,y)dx dy ... (2)

Note: Some of important and standard curves along with their equation and shape is given
below as it will be highly useful for working problems. 1
3

1. Straight Lines: Y =0C3
(i) x = 0 And y = 0 are respectively the equation of y & x — axis
(ii) x = c; &y = ¢, Are respectively the equation of a line parallel to

Y-axis & a line parallel to x-axis x=0 XxX=0C

(ili) y = x is a straight line passing through the origin

Y

(0,0) y=20
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(iv) £+ % = 1is a straight line having x intercept 'a' & A

¥ Intercept 'b' i.e. a straight line passing through
(a,0)& (y,0) (0,b)

A 4

2. Circle:
x? + y? = a? Be a circle with center origin& radius 'a

3. Parabola: y? = 4ax is symmetrical about x-axis

x? = 4ay is symmetrical about y-axis
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Evaluation of double integral by changing the order of integration:
Problems:

1. Evaluate j'ol J'f xy dydx changing the order of integration [V.T.U-2010]
Sol .
Gvenx=0,x=1andy=x, y=+vx ORy?=x

11

(0,0)

fx=0=y=0andx=1=y=1 ~(0,0)&(1,1)is the intersection point
Let I = fxlzﬂ f}fx xy dydx, on changing order of integration

1 1 2 101 101
1=, o fy 2xydxdy=[_.y [x;]y dy =3[,y —yDdy =5 [,_ (® —=y°)dy

1_1[:.»4 yﬁ]1_1(1 1)_1(1 1
T2la elyg T 2\a 6/ 2\12/ 7 24

2. Evaluate f: fx‘//? (x% + y?) dydx changing the order of integration [V.T.U-2013, 14]

Sol. Givenx=0,x=a andy:i,yz\E ORyzzz

t
=x/a
x=0 (1)
(0,0) y=120 ((‘1, 0) ”
y? =1x/a
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fx=0= y =0andx=a=y=1 =« (0,0)&(q, 1)is the intersection point
Let] = f f xm(xz + y?2) dydx, on changing order of integration

1
= [, o Jmn,2(x* +¥%) dxdy

r=f [x3j+y2x]:; dy = [,_o [ (@*y* — a%y®) + (ay® — ay*)] dy
4 791 4 1 3
i R o R BRI R

. Evaluatef f2/4a(xy) dydx changmg the order of integration  [V.T.U-2014, Jan-2017]

Sol. Givenx = 0,x =4a andy = E’ y = 2vax ORx? = 4ay, y?=4ax
2 = 4ay

(4a,4a)

0,00 y=0 (4a,0)

.= 4ax

fx=0=y=0 andx=4a=y =4a
~ (0,0)&(4a, 4a)is the intersection point

Let] = f:au fzm (x% + y?) dydx, on changing order of integration

x2/aa
4a 2@ 1 p4a y"
1= [ 2 () dxdy = [ By[—] e P =32 ey ( 2—) dy

1 p4a S 4a 6 %@ 256a*  4096a®
=3, (hor - )y - 2
2-y=0 16a2 21l 3 96azly 2l 3 96a2
_1[256a 128a*] _ 64a*
3 3 17 3

7

4. Evaluate fub Jo

Sol.Given y =0, y=bhandx =0,x =§1/b2 —y2 OR x*? =z—2(b2 - y2) =>z—2+:;—2= 1
fy=0=x=a and y=b=2>x=0
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~ The point of intersection (a, 0)& (0, b)

(0,6) | y=bh

let] = fb "“ (xy)dxdy, on changing order of integration

x=0

I= aVar=x “(xy)dydx = [ _a_xd—“‘ 2% (a? — x?)|d
fxﬂfyﬂ xy)ayax xox[] X =3 Ea‘_x]x

_ b? ra — 52 _b_z N dy = P[22
I=—J. o, x(a? — x*)dx =U(a x—x7)dx = —|— ]
bz a4 4-b2 2b2
" 222 (7_1) 8a2 ~ 8
12
5. Evaluate fom f; xe ¥ dydx changing the order of integration [ Jan-2017]

Sol. Givenx=0,x=o andy =0, y=x
fx=0=>y=0 andx=c=2>y=o
= (0,0)(o0,0)& (o0, o) is the point of intersection

Y
¥ 3
(0! DO) -------------------- I(wl 00)
x=0 : y=x
X
(0,0) y=0 (0,0)
let] = fw J’; 0xe_7 dydx, on changing order of integration
= j J‘ xe ¥ dxdy
y=0x=y
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Put’ = ¢ ~Zdx =dt or ;vccb::=yE
y y 2

Alsowhenx =y, t=y and whenx = o0, t = o0

oy [ -tY Y R —t]c0 _ _ 1@ —00 -
al= [ foetrdtdy=[" >[-e g dy=~_[" y[e™®—e]dy

=1 —e¥ =4 -y
I'=—2) _y[0—e?]dy=3]) _ ye™”dy
Applying Bernoulli's rule,

— o0 — o] 1 —00

1= {y(=e ) - [MEF}=;10-0-Dl=; (e >=0)

6. Evaluate fol fj; dxdy changing the order of integration

Sol.Given y=0,y=1and x=,y, x=1 ORx? =y
fy=0=>x=0, y=0=x=1andy=1=2x=1
Y

2 A
Xt =YVe——

y=1 (01

x=1

[
>

(0,0)]y=0 (1,0)

= (0,0), (1,0)&(1,1) is the point of intersection
Llet] = fyl=ﬂ _fx1=@ dxdy, on changing order of integration
T 1 I B Pl B |
I=[_, fy=o dydx = [,_ [y]§ dx = [ _ x*dx = [?]U =3
7. Evaluate fnl fj}—:y xy dxdy changing the order of integration [VTY-2006]

Sol.Given y=0,y=1landx=,y, x=2-y ORx?=y &x+y=2
fy=0=>x=0 y=0=2x=1andy=1=x=1

Y
F 3
x2 = Ye——
(0,2)J
x+y=2
X
(0,0)[y =0(1,1) (2,00
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~ (0,0),(2,0)&(1,1) is the point of intersection
Let] = fylﬂ] fxz;j’yxy dxdy, on changing order of integration
I= [0 iy xydydx + [2 [ xydydx
1=[" x [”;]z dx+ [ x [”?]: dx = [l (= 0)dx+ [ 2[(2 - x)* - 0] dx
I= if;oxsdx + %ffnx(t} +x? —4x)dx = 1_[11:0 x5dx +Efx=1(x — 4x? + 4x)dx
2

21 4 3 2
;:l["_] +iE e e =14l E-246|=1
0

2l6 2y 1z 2la 3

Evaluation by changing into polar co-ordinate

Note: By changing into polar co-ordinates we have to use some suitable substitution.
i,e x=rcosf, y=rsind and x? +y2 =r? and dxdy = r drdé.
Problems:

1. Evaluate fuw fnm e~ @+ dxdy by changing in to polar coordinates.  [Jan-2017]

Hence show that f: e *dx = [m/2.

Sol.Givenx =0,x =0 andy =0, y=
In polar coordinates we have x = r cosf, y = r siné
x? 4+ y? =r? and dxdy = r drd@
Since x,y = 0to oo, thenr - 0tooo alsof — 0 tog in the first quadrate

Thus I = ;/5 j':oo " rdrd6, putr? =t = 2rdr = dt, orrdrz%
f—l e —tdtds_— ”’2[— tedd = [} -[e= —e]df,
I=1 """—[0 1]dg = "’2 =2l615/* =1

®© - _°°—td‘5_1°°—t12_°°—t5—1 _1nf1\ _
fy e dx = [Z et _Efme e V2de =2 [P et et =27 (5) = /2
. 2 — — — at
- put x —t=>2xdx—a’tORdx—2ﬁand
. F(n) e J-ow e*xxﬂfl dx'
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[l

2
2. Evaluate ffa i Jx? + y? dydx by changing in to polar coordinates.

Sol.

e
/ —0 ——>x?+y?=a?
1 I\

(—a,0) (0,0) (a,0)

X =—a X=a

Herex = —a,x =a andy =0, y = va? —xZ OR x?+y? = a?
The region of the integration is as in the figure
~ (0,0)(a, 0)&(—a, 0)is the intersection point.
Clearly @ varies from 0 to m.

In polar coordinates we have x =1 cosf, y = r sinf

x?2+y? =r? and dxdy = r drdé

iea?=r’=r=a ~r—>0toa Also § >0tom.

374 3 3
1= [y [grordrad = [ [7] o = 1615 ="~

NG

_yl
3. Evaluate fﬂﬂ 0 z (x* + y?) dxdy by changing in to polar coordinates.

Sol. Herey:(],y:a and x=0,x= ’az_yz OR x2+y2=a2
The region of the integration is as in the figure
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~ (0,0)(a, 0)&(0, a)is the intersection point.
Clearly @ varies from 0 to %

In polar coordinates we have x = r cosf, y = r sinf
x2+y? =r2and dxdy = r drd8
iea?=r’=r=a ~r—0toa Also § >0to —.

n/2 ra /2 [r* a a? /2 mat
e N L i A B e

Application of Double and Triple Integral
Note: 1. [[, dx dy = Area of the region R in the Cartesian form.

2. [f, rdrdf = Area of the region R in the Polar form.
3. [[f, dxdy dz = Volume of the sold in the Cartesian form.
4.[f, 2mr*sin@ dr df = Volume of a solid obtained by the revolution of a curve

Enclosing an area A about initial line in the polar form.

Problems
2 2
1. Find the area of the ellipse z—z + i:—z = 1 by double integration. [Jan-2018]
Sol. Area A=[[ dx dy
Here x varies from 0 to a and y varies from 0 to EVaz - x2.

LN gy 3
Now Area of the ellipse =4[ [« * * dy dx

baz—xZ
A= 4];[;;]5’ T dx =4fﬂa E\/az —x? dx =%fﬂa va? — x? dx

I = % E m+ %sin_1 G) ]Z =% (0 + L E) - (0+ 0)] = mrab sq.units

22
2. Find the area enclosed between the parabola y = x? and the straight line y = x
Sol. Giveny = x? -——-(1)and y = x--—--—-— (2)
WITH BEST WISHES FROM ASST.PROF. LATHA K, DEPT.OF MATHEMATICS Page13
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Subtracting eq.(2) from eq.(1) we get
x2—-x=0=2x(x-1)=0=2x=0x=1
Nowwhenx =0, y=0andwhen x=1, y=1
~ (0,0)&(1,1)is the intersection point.
So x:0 > landy:x? > x

L Bl

0,001y =0 (1,0)

2 1 1 2 341
A:fﬂ f:zdydxzfo[y];z dx:fn(x—xz)dxz [JI:?_.":?]‘J
11

1
A4=3"3%

3. Find the area enclosed by the curve x2/3 + y2/3 = g2/3,

Sol. We have that x varies from 0 to a and  varies from 0 to (a2/3 — x2/3)*/* |

2/3_,2/3y3/2
Therefore required area 4 fna f‘fa %) dydx =4 fua(£12/3 - xzﬂ)a/z dx

Put x = a sin38. then 8 varies from 0 to%and dx = 3a sin?0 cos 6d8. so

Area = 4 fon/z (a2/? — a?/3 sin? 8)*"* 3a 5in?8 cos 0d6. = 3 x 4a j'on/z cos*Bsin?6d0

21x3x1m _ 3 2 :
———— = -ma” sq.units
6X4X2 2 8

=12a
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A J

0,0)

4. Find the area inside the circle = a sin@ but lying outside the cardioids

r=a(l-cos@). [Jan-2017]
Sol. The region of area is bounded by r = a sinf ... ... ..... (1)
r=a(1l-cosh)........(2)
We find the point of intersection of curve: From Equations (1) and (2)
2asin2(§)

asin9=a(1—co.s‘6)=>asin6=2asinzg=>2 — =1
a Slﬂ(f) COS(E)

=>tang=1=>g=tan‘1(1)=>g=3=>9 ==,
2 2 2 4 2
Therefore the point of intersection are (0,0)&(:1, E) )

See in figure forr = asin@, which is a circle, we have

2 2
_a : 2 _ 2 2 _ _ 2 _ay _[a
‘r—?_‘r51r19=>r =ay=x"ty ay_0=)x (y 2) _(2)

That is ,it is a circle with centre are (O,E)and radius %

Area =_['0H/2 fa(l_cos % dr do =

asin@

- 2qa(1—-cos8)
Area= [ & [r?] 0= %fﬂn/z[az(l —cos@ )% — a?sin? 4]do

asinf
Area =2 [T%[(1 - cos§ )? — (1 - cos? 6)]d6

Area = %fﬂnlz[(l —cos8 )2 — (1 —cos 8)(1+ cosB)]db
Area = ‘lz—zfﬂnfz(l —c0sB)[1—cosf —1—cosf]df = “2—2_[0"/2(1 —cosB8)(—2cosB)do
Area = a? J'OH/Z (cos? @ — cos0)d8 = a® {j";”2 (@) dé — fonlz cos 6d6}

_ a6 sinz6)? o . mp_a?, :
Area=a [2+—2 ]ﬂ a*[sin0],"" = - (m — 4) sq. units
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Y
11
= a sinf
0 =m/2
x' < > X
r = a(l— cosf)
!

Beta and Gamma Function:
Beta and Gamma function which helps to evaluate certain definite integrals which are either
Difficult or impossible to evaluate by various known methods.
Definition: f(m,n) = fol x™1(1—x)"dx, (m,n > 0)iscalled the Beta function.
I'(n) = fﬁw e*x"1dx, (n > 0)Iscalled the Gamma function
Alternative definition Beta and Gamma function

B(mn) =2 [z sin®™~' @ cos®™* G df And

r'(n) = 2] e~ x2n1 gy,
=0
Note: 1.T'(n + 1) = nl'(n)
2T(n) = (n— DI(n—1)
3.T(n—1)= (n—2)(n—2)

Properties of Beta and Gamma Function

1. Show that g(m,n) = B(n, m)

Sol. We have f(m,n) = fol x™ 11 —-x)"dx, (mmn>0)
put x=1—y=dx =-—dy
fx=0=y=1andifx=1=2y=0
plm,n) = [{(1—y)" ()" —dy = — [[(1 - y)" 1 )" ' dy
plm,n) = [ )" '(1—y)™ 'dy = B(n,m)
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2.8.T(O)F(n+1) =nl'(n), {D)f(n+1)=n!

Proof. We know that by definition I'(n) = fow e *x"1dx, (n>0)
(OF(n+1) = [ e *x" dx
Apply integrating by parts
'n+1) =x" [g]: - fﬂw g nx™ 1 dx
In+1)=(0-0)+n[" e *x"dx=nl(n) (v e ™ =0)
~T(n+1) =nl(n)
(ii) consider T'(n+ 1) =nl'(n)
m+D)=nn—-1)In—-1)=nn—-1)(n—2)I'(n—2)soon
n+1)=nm-1Dn=2).....321T(1) =n!
ButI'(1) = fome"‘x“l dx=[-e™]F =1
ThusT'(n+ 1) =n!

Relation between Beta Gamma Functions:
r(m)r(n)
T(m+n)

Proof. Let ['(n) = 2 f:o e x2 1 dx ... (1)
Putn =mandx =y in (1) we get
T(m) =2 [ e ¥y?mtdy. . . (2)
B(mmn) =2 f95=0 sin?™~1 9 cos®™ 10 df .....(3)
Consider I'(m)I'(n) = 4 fom fﬂme‘(”zﬂ’z) x2n=1y2m=1 gy dy (= e~ eV = e_(xz“yzl)
Let us evaluate by changing into polar co-ordinates
Put x =7 cos@ y=rsinf
And x2+y?2 =712, dxdy=rdrdb
~r—>0toco, 6 —>Oto§

3. To prove that f(m,n) = [Dec-2010, June-2013, 16, 17, 18]

= I'(m)I'(n) = 4 f:;] Ji, e (rcos8)® ! (rsin8)?™ ! rdr dé
= I'(m)I'(n) = {2 j':zn e " rzmim-1 gy {2 Jz_, cos* 1 @sin?™1 g dﬂ}

= I'(m)I'(n) = {2 f:iﬂ e T r2(min)-1 dr} B(m,n) (- using(3))
~T(m)I(n) =T(m+n)Bm,n)(~ T(n) = 2 [, e™* x?"* dx)
_ Mm)I'(n)
Thus g(m,n) = T
4. Prove that T’ (%) =+ [1an-2016]
Sol. We have f(m,n) = l;,(;:%:)] (D
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Put m =1r1=1 in (1) we get

11 % (-J

ﬁ(E’E) (1) [ ( )]

We know that f(m,n) = 2 fg t]sinz'“_1 Bcos?™10dl,putm=n=

=p(53)=2/"sin"0cos9 g =2 [ ap =2[015/* =2[F] =m....

Substitute (3) in (2) we get

1\ 1\

n=[r@)] =r() =V
Duplication Formula in terms of Beta and Gamma Fumction:
5. Prove that (1)[}( —) = 22m-1 g(m, m)(u)r(m);r(m+ ) zzm _T(2m)
Sol. B(m,n) =2 fﬁlz:l] sin?™ 1 g cos?"16df ... (1), n= 5

B (m. %) =2 [z sin?™ 10 cos®0df =2 [z sin®™16d6....(2)

putn =min (1)

> 2m— - 7 (sin26)2"M"1
Blmm) =2 [z sin?™ 1 gcos?™10de =2 [z (52)  db
(- = sin 6 cosf)

Put 20 = ¢ — 2d6 = d, ifO=0=¢=0
g="=¢=mu

ﬁ(m m) = o 1f¢. 0 n2m- I¢d¢ _zzm 12J-7r/2 n2m- l(de(;b

Nlr-

sin 20

= B (m,3) = 22™~1 B(m, m)(~ using (2)
2
.. rGm)r
(ii) We have f(m,n) = FE?MS;J (1)
PutLHSn = 1 and RHS n = min (1) we get
_ l"(m)l"(l/Z] 2m—1 T(m)T(m)
ﬁ( ) T r(m+1/2) =2 [(m+m)
V{E — 2m-—1 F(m)
r(m+3) r(zm)
1 Vr
= I‘(m)I‘(m + 2) S2m1 ——T'(2m)

Note: f(m,n) =2 f92=0 sin®™~1 g cos?"" 19 df ... (1)

PutZm—-1=p Zn—1=g¢q
=39 =2+ — a1
m=- n T2
+1 +1 2z
B (‘p_q_) = 2[ sin? @ cos? 6 df
2 2 6=0
p q p+1 q+1
1f92 ,Sin? 8cos70d6 = - ﬂ(z —
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zf; usmp‘lﬂcosq 1ede = —ﬁ(p q)

2’2

3.]0 xm(1 - x)"dx = p(m+ 1,n+1)
_ F(m)r(m)
4.p(m,n) = l'{'m+n)

T(m)r (m+ D= r2m) ... (2)

Putm = Z in (2) we get

1,1 v 1 1
ra/or(+3) = () =r () = v
.1 ()r() =z
6. p(m,n) = B(n,m), by property
7. Two important forms along with substitution is as fallow
(i) (@ — x™): Substitution : x™ = a sin’ @
(ii) (a + x™): Substitution : x™ = a tan® 0

Problems:

1 1\#~1
1.Show That I'(n) = fn (log;) dy (n>0)

Sol. Consider RHS= fl (lagl)n~1 dy, putlogr=t=1=¢tory=et:.dy=—e"tdt
0 y ' y y
fy=0=et=0=t=w
fy=1=t=0
1 1\n-1 0 ,._ _ 0 _pome
“RHS = [} (log3)  dy = [otn~H (e Odt = - [o e tentde

1 11 o0
Iy (log)  dy=J e te"'dt = I(n) = LHS
o pm-1
-rﬂ (1+x)m+n

- dx, putx=tan?6 = dx = 2tan@ sec?8 df
fx=0=tan’8 =0=60 =tan"1(0) =0
Ifx=oo=>tan29—oo=>9=tan‘1(oo)=g

7/2 (tan? §) ™ 1.2tanf sec? @ 7/2 tan2m-2+1g
RHS f (SECz 9)m+n dg - 2 f Sec2m+2ﬂ.—2 2] dg
11'/2

_ fn/z sin?™m-1g cos2M2n-2 g4g = 2_[ n?"-19 cos?"~19 df = B(m,n) = LHS

2.Show That (m,n) = dx

Sol. Consider RHS= fﬂm

(1+x)m+n

casZm-1g
1Ml
3. Show That B(m,n) = |, Trom 4x [V.T.U-2011, 07, 08, Jan-17]
xm—l - 1 Iﬂ"l.—l

Sol. We Know That f(m,n) = _fﬂ g 4x N T dx + [ —(” S dx

ie.fmn) =1L +1,

. _ (o xm1t _1 __ 1

Consider I, = [ Grgm 4%, putx =-=dx=——dy
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|fx=1=>i=1=>y=1
x=00=>£=00=>y=é=0
(1)"“1 (1)’“‘1 i
0 1 1 2 1 M+
~ L= y—mn__d= z mynd= ymn.d
2 fl (1+%)  ( J’z) Y fﬂ (1_%) m 4y fu (yyi) T Y
I s
f{](liym y= J-U Wdyr TEDIECE}’—>I we get
L=
27 Jo (14x)min

m-1 n—1 m-1_ ., n—-1
~Bm,n) = fomdx-l—flx—dx:fl&

0 (1+x)m.+n 0 (1+x)m+n.

4. Express f; x™ (1 — x™)P dx in terms of Beta functions and hence
Evaluate fol x°(1—x3)10 dx. [Jan-2017]
Sol. Let [ = fol xm(1—-x")Pdx

2
Put x™ = sin?@ OR x =sin?/0 -~ dx =% .sin(F)_1 0 cos @ d@

Ifx=0=sin?0 =00R6 =sin"1(0) =86 =0

fx=1=>sin?0 =10R6 =sin"'(1) =80 ==
s~ = fgn/z sin?™/8 g cos?P . 3 sin(_)_1 6 cos6 db
I= nf(;qzs nGa e )9C052p+1 6de.

2 141
I = 3.—[3 (—+ + ,2p+21+1) -ra sin® 6 cos? 6 dB = -ﬁ (p+1 q+1)

2 ' 2
| _2. =B (_ ’_z(p')

2 2

Hence I = —ﬁ (m+1 + 1)
And [ = fo x°(1 — x3)0 dx.
putx? =t = 3x%dx =dtordx = L2

3x?2

fx=0=>t=10 andx—1=>t—1

1
-‘szo x5(1 — )10 W 3[ t(1—t)0dt = B(1+1 10 + 1)
(< [Fxm(1 - x)rdx = B(m +1,n+1))

. _1 r(2)rqi) 110] _ 1 | _
1'81_33(2’11) 3[ r(13) 3[12' ]_396 (+T(n+1)=nY
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5.5.T [L(1+x)P (1 -9 dx = 2°*91 B(p, q) [June-2011]
Sol. Let | = _Lll (1+x)P1(1 —x)9 1 dx,
Put x = cos28 = dx = —25sin268 d8 = —4 sin 8 cos @ d6
Ifx=—-1=cos20 =-1=20=cosI(-1)=n=26 =%
Ifx=1=cos20=1=20=cos 1 (1)=0=8=0
1= f:ﬂ(l +c0s20)P71 (1 — cos268)7 1 (—4sinf cos 6) db
1= fﬂ“’z(z cos? 8)P~1 (2sin® §)97! 22 sin @ cos 6 d@, on simplifying
1 = 2v+a [ cos?-15in20-19d6 = 2v+4 2 B(q,p) = 2°*114(p, q)

6. Expressf J—dx in terms of gamma functions. [Jan-2014]
Sol. Let I = fﬂ V,_af put x* =t --x=t1f4=>dx=fit’3/4dt
Whenx—0=>t—0 x—1=>t—1
1 1
sl == 4_4 t=3/4dt ——f t75(1 — £)~/2dt

Izzﬁ(—zi— 1,—£+1) -fo xm(1—-x)"dx=p(m+1,n+1)
1=36G3)
:Izlr(%)l"e)_J_EFG) ( ﬁ(m )_F(mJF(n))

4+ 1(3) T ard T(m+n)

7. Evaluate f: x;(tl- — x)5/2dx by using Beta and Gamma functions.  [Jan-2017]
Sol. Put x = 4t = dx = 4dt

fx=0=t=0

fx=4=t=1

1 3 1 3 3 5 5
I=[(4t)2(4 —4t)%* 4dt = [ 42.t7.42. (1 —t)z 4 dt
3 5
I=45[tz.(1— 1) dt
I=45p(C+1241) = [[x™(1—x)"dx =flm+1Ln+1)

I=4°p (E Z) = £rirG) = #2327 T3) _ 1440VmVm
22 r(z+3) r(e) P

=12m

8. Evaluate f J_dx by using Beta and Gamma functions.
- 1
Sol. 1 = [f (1 -x)" 2 dx=p(3+1,—3+1) =5 (43 )
w [ x™m(1 - x)"dx = f(m+ 1,n + 1)
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_T@r(g) _aivE _ WE _ 32

3
) @) zz3rtl) %

9. Show That [;"* Vsin 0 d6 x [;/* ——d6 = [an-2015, 18, June-2012]
Sol. Let LHS:f /2 \[sin @ d8 X f’m\/ﬂ‘lﬁ: fU"/ sin'/?6 df x f;ﬁz sin"Y20d8
=1 pri_3 a4 _1 -l g_g2i_1 g¥1_1
Herep=—-, q=0;—"=,, 5-=; andp=—2, q=0;—=, ——=_
P q =1lp(P+ a1
fg ,Sin? 8 cos? 60 df = zﬁ'( , 2)
i

2
=GR *ip0) =3
[ﬁ(‘m n) = LT and 'n+1) = nI‘(n)]

r(m+n)
10. Show That f,” xe™ dx x [" x%e™ dx = 7= [Jan-2013, 02, 01]
Sol. Let I, = f xe™*" dx
Putx® =t~ 8x dr=dtorxdx=—=-—2% =% .t ,0too

8x6 1N g3/
B(ta)
dt 1o g
ah = o€ oam =gl et dt
We have I'(n) = faw e *x"tdx, (n>0),takingn—1= —%zb n= %
=1r(1
Hence l; =T (3) ...(1)
Let I, = fuw x2e™*" dx,

dt dt

Putx* =t ~4x®dx =dt orx’dx=—=—7;t—>0tow
ax 4t
o0 _ dt 1 p00 4.
~ 1 =~rc=ue t4:1/4 =4_J.0 ettV*dt
We have I'(n) = f{,w e *x"ldx, (n>0),takingn—1= —iz} n= %

Hence I, =3T (3) ... (2)
Equation (1) and (2) wegetly X1, = i[‘ (1) F(

)= mZ=2"

4 16y
2, —xt _
11. Show That J'n = dxx Iu xle X dx = T
Sol..Let ], = [° x/2e~*" dx
Putx2=t orx=t"Y? or « 2xdx =dt dx——x .+ 0towo

2t1/2?

o= [T etyl/s dt 1 0™ 4 ._3/4
"Il'—ft =€ 't 2t1/2“2f0 et dt

We have I'(n) = fn e *x"1dx, (n>0),takingn—1=— % == i
_1.(1
Hence l; =T (3) .. (1)
WITH BEST WISHES FROM ASST.PROF. LATHA K, DEPT.OF MATHEMATICS Page22

Scanned with CamScanner



UNIVERSITY OF AGRICULTURAL SCIENCES, GKVK, BANGALORE
ENGINEERING MATHEMATICS — MAT111 (2+1)

) et
letl, = [~ x%e™ dx,
dt _ dt

4 — ¢ Ax3dx = 2 _at
Putx® =t~ dxdx =dt orx“dx=_—=——7t—0tox
oo _ dt et —
-'-12=ft =0 tu_ﬂ‘*—_f ettt
\a‘vn‘eha\o'el"(n)—f0 e *x"1dx, (n>0),takingn—1:—i=>n=%

Hence I, =1T (3) .. (2)
Equation (1) and (2) weget; X I, = %FG) r G) = % 2 = 2=

2
12. Prove That f[,l\/x——dx X f:ﬁdr = :—ﬁ [June-2014, Jan-2017]

x? 4 _ 4 . . —+1/4 —1.-3/4
Sol. Let I, = f‘{_dx putx* =t «x=tV/* = dx = t7/*dt
Whenx =0=t = (; x—1=>t—1

1/z =
e 11 fﬂl\;—i 3/4dt —_ _fl t_ (1 - t) 1/2dt

_B(___]_ 1, ___|_1) ( Iﬂ xmMA-x)"dx=p(m+1,n+ 1))

== lm - ‘E;F ( B(m,n) = m),em.:i F(n+1) =nl'(n)

4 T Z) 4 I3 r{(m+n)
vEr(g)
h=—=2 ... (1
1=t )
2 0.do
Let I, = fo \/_dx put x* =tanf = dx S;j%
fx=0=86=0; x—1=:>9—1
_ rm/4 sec? 0 __ rm/4 secz 0 _ (m/4 sec@
12 - fﬁ vi+tan? #2+tan @ o f sec 62v‘tan ‘[ do

2(51!1%9)

cosZ @

1 (/4 1 14 1 1 m/a .

[ —e———df == d6 =-V2 [ sin""/226 d6,

270 sinl/2gcost/2zg 270 [sinz6
\J Z

12=

Put29=¢:>d9—ﬂ; whenH—O:bqb:o,a:%:;qb:E
1 /2 . n- /2 sin-
=l sneT=ig sinT 2 g dg,
=_1_p+1 1 = a¥1 _ 1
Herep = =y = q_0=> ——
*Eiﬁ (1.1) ( fg ,Sin? 8 cos? 0 df = ﬁ(pﬂ e )
R v
2= 4V(_ l_,() 4&[‘(%)"“.
From (1) and (2) we get
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@), v @) _

LHS =L xI, = ) xﬁr@) N_—RHS
13. Evaluate f;/z Vcot 0 d@ in terms of Gamma function [July-2009]

Sol.let] = fﬂwzx/cat 8de = _l}:rflz(cotiéi)E d8 = [*sin"1/2 6 cos'/2 6 d8

0

-241 241 rZre
f"fz sin"1/2 @ cos'/2 6 d8 = %ﬁ' (—2 ZT) - iﬁ G%) = 11QrQ

2 2 T(1)

_ _mZ _ m
f *Veot6de = E.Hﬁ—ﬁ——
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