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T DIFFERENTIAL CALCULUS - 2

2.1 | Taylor’s and Maclaurin’s series expansion for a function
of one variable

The infinite series expansion of a differentiable function y = f(x)about the

point, x = a will be a series in powers of (x — a ) known as Taylors series

expansion. In particular if a = 0, the series will be in ascending power of x,
known as Maclaurin's series expansies.

F) = Fxma) @)+ B () G0 g g

This is called Taylor's series expansion of f (x ) about the point #.

In particular, if a=0 we have,

s 2

FEI=1 ()52 (0)+ 5 f ()42 1 (0)+.

This is called Maclaurin’s series expadsion of f (x ).

Note : Fo: convenience we shall use the following alternative .notation.,
(x) for f(x)andy (x), Y, (x ),y (x) ... respectively for
f’(x),f"(x),f"’(x),... so that we have, |

(x-a)’

y(a)+(x-a)y, (a)+

=
vl

S
Il

Y,(a)+... [Taylor's expansion)

2
\ y(x)=y(0)+xy (0)+ ;,./2( )+ / [Maclaiirin’s expansion)

Note for solving problems (Expansion of functions)
We need to find successive derivatives of the given y ( x ) and evaluate them at the

given point x = a for obtaining the Taylor's expansion and evaluate at x = = 0 for
obtaining the Maclaurin’s expansion. "

.
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[WORKI:D PROBLEMS) i
4. 1 = s
[1] Obtain Hw Tai ylor's cxpnnsron of log x nbout x=1 upto the term "containing
fourth degree and hence obtain log, (1.1 ). [June 2017, 18, Dec 17]
®  We have Taylor's expansion about x = a given by !
x—a)
v(x) = y(a)+(e-a)y, () + 2y @)+
By data, y (x) =logx ; a=1
y (1) =1og 1 = 0. Differentiating y ( x ) successively we get,
1 -1
y(x)== -~y M)=1; y,(x)== -~y (1)=-1
x X
) ¢ 6
y3(x):? '-'y3(1)=2"y4(x)=-x_4 "y4(1)=—6
Taylor’s series upto fourth degree term with g = 1 is given by,
| x-1)
y(x) = y(1)+(x-1)y, () + =y (1)
(x-1)° (x-1)*
Y (L=, (1)
(- 1)° -1) x-1)*
ie., log x = O+(x—1)1+(l 5 ) (—1)+(\ 3 ) (2)+ (124 ) (-6)

— 2 ’._]3 .‘_14
Thus, logfxz(x_i)_(x 21) +(1 3 ) (x : )

We shall.now substitute x = 1,1'to obtair log ( 1.1 )

Also log (1.1) = (0.1)- (0'21)2+(0'31)3—(0;11)4 - 0.0953

Thus, log (1.1) =0.0953
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[3] Obtain Taylor's sm'n'\«'.\f/nm::mn of log ( cos x ) aboul the point v = n/3 “

the fourtl degree term. [De “p_
& Taylor's expansiot} of i (v ) about x = /3 is given by ‘ 201¢
X ) = /3 — 1t/ ) _(__\_'_H__.LL__..%_)__ I ‘
yix) =y(n/3)+(x-n/3) )y, ( (n/3)+ T i_ljz(rc/j)
(x-m3) (x —m/3 ) \
! 31 }/3(7]:/3” 4 (7/3)+.. A

Let, y(x) =log(cosx) o y(m/3) =log(1/2) = ~log?
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y, = oot c=sinx

iy =HDE Yo (n3) = —tan(nf3) = -3

v, = =sec’x = = (14 tan’x)

v, = ~(1+y]) Y (nf3) = —[14(B) ] = -4

Yy = =249, Sy (nf3) =-2.-B.—4=_8f3
¥o==20ny4 9,1 g (4/3) = -2 VB- 83 +16] = -

Substituting these values in (1) we have,

Thus,

Note

log(cosx) = —10g2~.{_x—n/3)\/§_.(x__ﬂ.4
2

la- ”/3 sf (x-3)" -80+...
6 24

log(cosi):—logZ J_ (X = n/3 x—r_c/?;)

4 i 10

= (x-n/3)° —-—3—x n/3)*

: Similar problem

2

- . n
Expand sin x in power of ( X - —J upto fourth degree terms.[Dec 2015, Junel6]

- ) , . ; .
We need to evaluate y ( x ) = sin x and its successive derivatives at
=n/2

Theyare, y=(n/2)=1, y, (m/2)=0, y,(n/2) ==1, y,(%/2)=0, y, (n/2)=1

Thus,
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[5] Eapand ¢™"* as Maclaurin’s series upto the terms containing x*. [Dec 2017]

We have Maclaurin’s expansion,

-
x? X x*

y(l‘)=y(0)+x1/1(0)+5y2(0)+§-513(0)+—4—!y4(0)+

Let, y = ¢ Loy (0)=¢=1
y, =e"Tcosx or Y, = ycosx Ly, (0)=y(0) cos0=1
y,=-ysinx+cosx-y ¥ y,(0)=0+1=1
y, = —(ycosx+y sinx )+ (cos xy, -y sinx)
= -y, - 2y,sinx+cosx -y, Ly (0)=-1-0+1=0
y,=—¥,~2(y,cos x +sinxy,) + (cosxy, —sinxy,)

¥,~2y, cos x — 3sinxy, +cosx 'y, |
y4 ( 0 ) = _3¢

< 4 (0)=-1-2-0+0=-3

Thus by substituting these values in the expansion of y ( x ) we get,
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(sec x ) upto the term containing x° using Maclaurin’s e
or . [Dec 2
¢ x ) in ascending powers of x upto the ﬁrst three non vanis

U Expand 108

Expand 10§ (s¢

berms,

X i xt >
= y(.r)=y(0)+-1'1/1(0)+§7yz(0)+§}/3(0)+;1—!y4(0)+---
y=log(sec'1‘) ~ y(0)=log1=0
y, = sec’ X _ _- R -yg(o)'_‘l

NOW y-—l+tan x-1+y]

leterentlatmg wrtx successﬁh ly we have :
%= 2, ¥, ) | | ¥ (0) =1
u=2(hnty,) ooy (0)=2
=2 (Y Y Y Y T 2 Ys) T2 Yt 61/7 y, o ¥ (0)=0
=2 (% Yt %) * 6 (R4t 1) |
e, y:2y1y5+8y2y4+6y2' : iRy Yo (0) =1¢
Substituting these values in thﬁ expansion of y ( x ) we get, " p
l”OLQLa")" £tk o #2 F xi = L
\ | X 1@ o
e e e
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[11] Expand, tan (m/4 + X ) upto the fourth degree terms.
2 3 4

X X
& y(x)=y(0)+xy1(0)+57y2(0)+§yq(0)+ i—’y‘;(())

Let, y =tan(n/4+x) y(0) = tan(ﬁ/4) ~1

Yy, =sec’ (nfd+x) =1 +y° oy, (0) =2
y, = 2yy, y, (0)=4
Yy = 2(yy, +y;) y, (0)=2(4+4) =16

Y, = 2(yy,+3y.y,) y,(0)=2(16+24) = 80

Substituting these values in the expansion of y ( x ) we have,

L2 .3 Cod
tan(m/4+x) = T+x-2+ .4+ 1625 . g
2 6 24

Thus, [fan(ﬂ/4+x) = 1+2x+2x2+—x3+mx4
3 3
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[13] Obtain the Maclaurin’s expansion of log (1 + € ) as far as the Jourth de, [
terms.

[June 20,

J

1 -

S y(x) :]/(0)4-‘1"1/ (0)+ ,(0) +——-1/ (O) #_—/4(0)-#

Let, y=log(1+¢") y(0)=log 2

Y

¢

| 1
U L Y0 =5
1., (1+¢ )y, = ¢ \

. /
; ‘ /
Differentiating w.r.t x we get, ) g

(I+e )y, + &y =¢
Atx=0, 2y, (0)+1/2=1
Differentiating (2) w.r.t x we get,

(1 + P’t) y3 + 2 gtyz-#-g"'yl = &

. ¥, (0)=1/4

. (3]
Atx =0, 2y, (0)+1/2+1/2=1 - Y, (0)=
Differentiating (2) w.r.t x we get, | ' . EHE
(1+e )y, +3ey+3 ey, +ey =¢ - (4)
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Air=0,2,(0) +3/441/2=0 Y (0)=-1/8
ThUS by subqh{ulmg these .1Iueu in the expansion of y(x)we get,
X X x
log(14¢") =log 24 =22
B(1+7) =log 24247~ 10

Note : Similar problem

L . ! a' ‘ v
Expand e using Maclaurin’s series upto and including third degree terms,

[Dec 2016]

€ .
& The given ¥ = Tie 1s same as ¥, of the earlier problem. y (0) =1/2

and proceeding on the same lines the other values will be
y,(0) =1/4,y,(0) =0, y,(0) = -1/8
Thus the required expansion is given by

e
1+¢€”

x°

X
CE A -
4 48

[14] Expand log (1 + cos x) by Maclaurin's series upto the term contammg n

[June 2018]
@  Maclaurin’s series is given be ,
N 2 %

y(x)=y(0)+xy (0)+ -2—'y1( )+ ay3.(0)+ Ey4(0)+.;.
Consider, y = (x ) =log (1 + cos x ) ;}/(O)=log02 '
We prefer to simplify the given functions

y=log(1+cosx)=log|[?2cos* (x/2) ]
ie, y=log2+2Ilog cos (x/2) \ Loy(0)=1log 2
Now, y, = ~tan (x/2) Loy (0)=

~(1/2) sec? (x/2) L 1,(0) =172
Also, y2=—%[1+tan2 (x/2)] = —%(1+y]")
_ 1
¥5==5(2y,y,) =-y,v, noy,(0) =0,
Yo=-y,y,-y2 s ¥ (0)=-1/4
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MODULE - 2
Thus by substituting these values in the expansion of y (x ) we get,
e ——— — — ry
.
log (11 cos v) = log 2 06
r r / )
[15] Obtain the Maclaurin’s expansion of a'.
2
& y(x) = y(0)+.\-y1(0)4-;;_';/?(0)4-...
Let, y=a" Loy (0)=1
v, =a'loga=yloga vy, (0)=loga
Y, = ¥, log a © Y,(0)=(logay
Y= Y, 1‘08 g - & Y¥,(0)=(loga)’and so on.
Thus by substituting these values in the expansion of y (x) we get,
{ a’ =1+xl x 2 X 3
=1+xloga+— il
ga Z!Elogﬂ) + 31 (loga)’ +...

Scanned with CamScanner



Note : Maclaurin’s expansions of the functions sin x, cos x, sin h x, cosh x, €
can be found easily and it is advisible tc remember them. They are as follows.
P

- ; X x7 . xz x4 5 .
(ij" sinxX = x——+———+... (ii) cosx =1- —+——-—+_..
3 51 7! 2! 4! 6!
. ) l‘3 xs _'7 ) x2 1'4 xﬁ
(111) sinhiy = x+—+"—4+"—+ (IV) coshx=1+"—+"4+—+
3t 51 71 21 4! 6!

i - xZ xa
(v) € =1+—+—+—+...

11 21 3l
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